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AbstrAct

Multipliers play a vital role in any applications like signal processing, image process-
ing, floating-point processors etc. These applications require efficient binary multipli-
cations, but it is most powerful as well as time consuming process. An efficient binary 
multiplication is proposed to reduce the delay. Vedic Karatsuba multiplier is an effi-
cient algorithm which can be used to reduce the delay.  The combination of adaptive 
and  recursive approach of Vedic Karatsuba algorithm along  with Non - Linear  Carry 
Select Adder is implemented to get the  better results. Multiplier designs are coded in 
Verilog by using Xilinx software.
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IntroductIon 
Multipliers are very important in many applications like 
image processing, signal processing etc.[1-20] The final goal 
of researcher’s is to work on the multipliers, which can 
have a very less power consumption, greater speed, less 
area etc.[21-25]

‘Add and Shift’ algorithm is one of the common 
multiplication process. The functional operation of the 
multiplier is the measure of partial products that are added  
in the parallel multipliers. The multiplier algorithm combined 
with non - linear carry select adder algorithm is used to 
decrease the partial products count that are added.[26-30] 

A. Basic Multiplication
   1 3 8 * 2 6 5  
           6 9 0   ( Here 138 is multiplied by 5) 
        8 2 8      (Here 138 is multiplied by 6 and one position 
is shifted to the left)
+  2 7 6          (Here 138 is multiplied by 2 and two positions 
are shifted  to the left)

     3 6 5 7 0

B. Binary Multiplication
Binary multiplication process is similar to the digit 
multiplication. In binary multiplication, addition as well as 
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shifting of the digits is performed. In binary multiplication, 
‘0’  and ‘1’ are the only digits on which the addition and 
shifting operations are done.

The multiplication and addition values of the binary 
digits ‘X’ and ‘Y’ are shown in the Table1.

To perform binary multiplication, every digit of the first 
binary number should be multiplied with every digit of the 
second binary number, and then an addition operation 
has to be performed to obtain the final result. The below 
is the example of binary multiplication that is performed 
between two binary numbers.  

Table 1: Multiplication And Addition Values of  
Binary Numbers

Binary Digits Multiplication  
Value

Addition Value

X Y X * Y  X + Y

0           
0

0 0

0           
1

0 1

1           
0

0 1

1           
1

1 1 along with carry =1
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      1 0 1 0   *  1 0 1
         1 0 1 0
      0 0 0 0
 + 1 0 1 0                
   1 1 0 0 1 0            

C. Wallace Tree Multiplication
Wallace tree multiplication is the fastest method that 
is used to multiply the binary integers. Wallace tree 
multiplication consists of 3 stages.

• Stage1: Partial products
• Stage2: Partial product addition 
• Stage3: Final addition

Stage1: Partial products
Two binary integers (represented in red colour) are taken  
and  product (represented in blue colour) is obtained.

1 1 0 1 0 0 1 1

1 1 0 0 1 1 1 0

0 0 0 0 0 0 0 0

1 1 0 1 0 0 1 1

1 1 0 1 0 0 1 1

1 1 0 1 0 0 1 1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 1 0 1 0 0 1 1

1 1 0 1 0 0 1 1

Stage2: Partial Product addition , step1
Partial products obtained in stage1 are grouped as three 
rows and the digits in each row are added at a time. Hence, 
two set of rows will be obtained as a result of addition 
of each three row set. First row will result the sum and 
the second row will result the carry-out that is obtained 
in the process.

Full adder output is represented in red colour

Half adder output is represented in yellow colour

Remaining (left alone) are represented in green 
colour

0 0 0 0 0 0 0 0

1 1 0 1 0 0 1 1

1 1 0 1 0 0 1 1

1 1 0 1 0 0 1 1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 1 0 1 0 0 1 1

1 1 0 1 0 0 1 1

1 0 1 1 1 0 1 0 1 0

1 0 0 0 0 0 1 0

0 0 1 1 0 1 0 0 1 1

0 0 0 0 0 0 0 0

1 1 0 1 0 0 1 1

1 1 0 1 0 0 1 1

Stage2: Partial Product addition , step2
The same process should be repeated as in step1 as there 
are two sets of three rows. Similarly, two set of rows will 
be obtained as a result of the addition of each three row 
set. In this process, the summation bits are moved to the 
carry-out row which is indicated by gray boxes.

1 0 1 1 1 0 1 0 1 0

1 0 0 0 0 0 1 0

0 0 1 1 0 1 0 0 1 1

0 0 0 0 0 0 0 0

1 1 0 1 0 0 1 1

1 1 0 1 0 0 1 1

. . 1 1 0 0 1 1 1 1 0 1 0

0 0 1 0 1 0 0 0 1 0

1 0 1 1 1 0 1 0 1 0

1 0 0 0 0 0 1 0
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0 0 1 0 1 0 1 1 0 0 0 1 0 1 0

1 0 0 1 0 1 0 0 0 1 0

The above is the result that is obtained by Wallace 
Tree Multiplication

Wallace tree multiplication takes an equal amount of 
time as a 2N bit ripple carry adder..

D.  Urdhva Tiryagbhayam  Method
Urdhva Tiryagbhayam  is the Sutra 3 of the Vedic 
Mathematics. The meaning of Urdhva Tiryagbhayam  is “ 
Vertically and Crosswise.

Case (i): Multiplication of two-digit numbers.
Multiplication of  24 and 16 i.e 24 *16
Step1:   2    4
           *1    6
                   4            

In Step1, 4 is multiplied by 6 i.e 4*6 =24. So 4 is placed 
in the units place and carry =2.
Step 2:   2       4
           *1       6__
                 8    4 

In Step2, 2 is multiplied by 6 i.e 2 * 6 = 12 and also 4 is 
multiplied by 1 i.e 4*1=4 and  finally addition operation is 
performed by considering the above carry i.e 12 + 4 + 2 = 
18. So, 8 is placed   in tens place and carry = 1.

Step 3:   2      4

          *  1       6
             3   8   4

In Step3, 2 is multiplied by 1 i.e 2 * 1 = 2 and carry is 
added i.e 2 + 1 = 3. Now 3 is placed in hundreds place. The 
final result obtained by multiplying 24 * 16 is 384.

Case (ii): Multiplication of three-digit numbers.
Multiplication of  142 and 526 i.e 142 *526

Step 1:  1   4   2

          *5   2   6
                      2

In Step 1, 2 is multiplied by 6 i.e 2 * 6 = 12. So 2 is 
placed in units place and carry = 1

Step 2:  1   4   2

          *5   2    6

              9     2

Stage2: Partial Product addition , step3
The same process is repeated. One set of three rows 
along with one additional row is present which is carried 
down. The result of these three rows is two rows and an 
additional row is carried down. The process is very slow as 
each step takes a similar time as a full adder. All adders 
are in parallel.

    

. . 1 1 0 0 1 1 1 1 0 1 0

0 0 1 0 1 0 0 0 1 0

1 0 1 1 1 0 1 0 1 0

1 0 0 0 0 0 1 0

.0 1 1 1 1 0 0 0 1 0 1 0 1 0

1 0 0 1 0 1 0 1 0 1 0

1 0 0 0 0 0 1 0

Stage2: Partial Product addition , step4
The process is repeated for the last time as only three 
rows are remaining. The result is obtained in two rows. 
In this example, Stage2 is completed in 4 steps, so 4 full 
adder delays are present.

0 1 1 1 1 0 0 0 1 0 1 0 1 0

1 0 0 1 0 1 0 1 0 1 0

1 0 0 0 0 0 1 0

0 0 1 0 1 0 1 1 0 0 0 1 0 1 0

1 0 0 1 0 1 0 0 0 1 0

Stage3: Final addition
At this stage the last two rows are remaining, the addition 
result is obtained by calculating these two rows. In this 
example, no need to add the 5LSBs. 
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In Step2, 4 is multiplied by 6 i.e 4 * 6 = 12 and also 2  
is multiplied by 2 i.e 2*2=4 and  finally addition operation 
is performed by considering the above carry i.e 24 + 4 + 1 
= 29. So, 9 is placed   in tens place and carry = 2.

Step 3:  1   4   2

          *5   2    6   
              6    9   2

In Step 3, 1 is multiplied by 6 i.e 1 * 6 = 6 and 4 is 
multiplied by 2 i.e 4*2= 8 also 2  is multiplied by 5 i.e 
2*5 = 10 and  finally addition operation is performed by 
considering the above carry i.e 6+8+10+2 = 26. So, 6 is 
placed   in hundreds place and carry = 2.

Step 4:  1   4   2

          *5   2    6   
           4   6   9   2

In Step 2, 1 is multiplied by 2 i.e 1 * 2 = 2 and also 4  is 
multiplied by 5 i.e 4*5=20 and  finally addition operation 
is performed by considering the above carry i.e 2 + 20  + 
2  = 24. So, 4  is placed   in thousands place and carry = 2.

Step 5:  1   4   2

          *5   2    6
        7   4   6   9   2

In Step 5, 2 is multiplied by 1 i.e 1 * 5 = 5 and carry is 
added i.e 5 + 2 = 7. Now 7 is placed in last position. The 
final result obtained by multiplying 142 * 52 6 is 74692.

A Vedic Karatsuba algorithm is proposed which is 
further modified by the adaptive method by using Non – 
Linear Carry Select Adder.

II. KArAtsubA MultIplIcAtIon

Assume X and Y are the two inputs of ‘n’ bits each. The X 
and Y are divided into two segments  say XH, YH and XL, 
YL. Here XH, YH are the higher-order bits and XL, YL are 
the lower order bits.

     X Y = (2^n/2 * XH +XL) (2^n/2 * YH +YL)
            = 2^n (XH YH) + 2^n/2 (XH YL + XL YH) + (XL YL)
By Karatsuba multiplier algorithm,  XH YL + XL YH = 

(XH + XL) (YH+YL) – XH YH – XL YL
Therefore, 4 * n/2 bit multiplications is decreased to 

3* n/2 bit multiplications. Time complexity of Karatsuba 
multiplication algorithm is O(n) = n^1.58.

XH XL YH YL

Adder

(n/2 bits)

Adder

(n/2 bits)

Multiplier (n/2 +1 bits)

Subtractor

Shifter (n/2
bits)

Shifter (n bits) Adder

Multiplier

(n/2 bits)

Multiplier

(n/2 bits)

+-
-

+ +

XY

Figure1: ‘n’ bit Karatsuba Multiplier

A. Recursive Karatsuba Multiplier
If  Karatsuba multiplier  is used repeatedly at every stage 
when the size of the bit is high then it is known as Recursive 
Karatsuba Multiplier. This is Recursive Karatsuba algorithm 
that is used to improve the speed. The separated bits 
(N) are grouped into an equal number of bits (N/2) and 
the Karatsuba multiplication is done recursively with the 
separated bits.

For example, a 32 bit multiplication is divided into 16 bit 
multiplication which is again divided into 8 bit multiplication 
and it is again divided into 4 bit multiplication and at last 
it is divided into 2 bit multiplication which is the final 
step for the regular  multiplication process. An adaptive 
Karatsuba approach is implemented at every stage for the 
third product term.

B. Adaptive Karatsuba Multiplication
Karatsuba algorithm is used for the calculation of the third 
product effectively. Let X and Y be the inputs of ‘n’ bits 
each, we have the argument of the third product of (n/2 + 
1) bits. Assume P and Q are the arguments that are added 
by  (n/2 – 1) bits at the left. The P and Q are divided into 
two equal parts like PH, QH and PL, QL where PH, QH are 
the higher-order bits and PL, QL are the lower order bits. 
Here, PH and QH are the carry-outs of the third product 
terms i.e (XH + YH) and (XL + YL) so they will be either 
0 or 1.

   Third product = P Q
                          = (2^n/2 * PH +PL) (2^n/2 * QH +QL)
                          = 2^n (PH QH) + 2^n/2 (PH QL + PL 

QH) + (PL QL)
Based on PH and QH values the above expression is 

evaluated as shown in the Table2.
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From Table 2, it is observed that to calculate (n/2 + 1) 
bits of third product  it requires one n/2 bits multiplication 
and also extra  shifting, adding and multiplexing operations 
are needed, instead of (n/2 + 1) bit multiplier. So the 
Karatsuba algorithm becomes recursive.

Figure2 represents the schematic diagram of third 
product computation by using adaptive method.

C. Non Linear Carry Select Adder
In Non Linear Carry Select Adder, each block can be 
of different size. For example, a 16 bit adder can be 
implemented by using different bit sizes instead of using 
four similar block sizes. So, a 16 bit adder can be made 
by 2-2-3-4-5 bit blocks.

Figure 3 represents the schematic diagram of 16 bit 
Non Linear Carry Select Adder. Here,  ‘A’ and ‘B’ are the 
inputs,  carry-in is represented by ‘Cin’. The two outputs 
of the non-linear carry select adder are Sum and Carry-out 
represented as ‘S’ and ‘Cout’ respectively.

Fig. 2: Third Product Computation By Adaptive Method

XH XL YH YL

SX SY

CX CY

Third Product

Adder

(n/2 – bits)

Adder

(n/2 – bits)

Karatsuba

(n/2 – bits)

Shifting and Adding

(n – bits)

Table2: Computation of Third Product
PH QH Third Product

0 0 PL QL

0 1 2^n/2 *PL + PL QL

1 0 2^n/2 *QL + PL QL

1 1 2^n + 2^n/2 (QL + PL) + PL QL

Fig. 3: Non - Linear Carry Select Adder of 16 bits

RCA

(5bit )

RCA

(4bit)

RCA

(3bit)

RCA

(2bit)

RCA

(5bit)

RCA

(4bit)

RCA

(3bit )

RCA

(2bit)

MUX

(12:6)

MUX

(10:5)

MUX

(8:4)

MUX

(6:3)

RCA

(2bit)

A[15:11] B[15:11]

S[1:0]

A[10:7] B[10:7] A[6:4] B[6:4] A[3:2] B[3:2]

A[1:0] B[1:0]

0
000

Cin
1

111

6 6 5 5 4 4 3 3 2

C4 C3 C2 C1

5 4 3 2Cout

S[15:11] S[10:7] S[6:4] S[3:2]

results

A. RTL Schematic
RTL is abbreviated as Register Transfer Level. It represents 
the blueprint of the architecture and also used to verify 
the designed architecture. RTL Schematic view of Vedic 
Karatsuba algorithm is shown in the below Figure4. In this 
schematic view, the inputs are represented as X and Y of 
16 bits each, and the output is represented as Product of 
32 bits.
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B. Simulation
Simulation is the last step to verify the working of the 
algorithm whereas RTL schematic is used to verify the 
connections and the blocks. The output is observed in 
the waveforms format in the simulation window. There is 
a flexibility of providing different radix number systems. 
The below Figure5 represents the output waveforms of the 
Adaptive and Recursive Vedic Karatsuba algorithm using 
Non – Linear Carry Select Adder.

To verify the output, the inputs considered are X = 50, 
Y = 50 and the output obtained is Product = 2500. 

conclusIon

Vedic algorithms are used to design the functional logic so 
that greater speed can be achieved. The adaptive approach 
of karatsuba algorithm is implemented to minimize the 
complexity from square to logarithmic power of  the bit 
size.

The main aim to implement the 16 * 16 bit multiplier 
algorithm is to minimize the delay. Less number of partial 
products are produced by the Vedic Karatsuba algorithm. 
The third product term is calculated  by the adaptive 
method of Karatsuba algorithm for greater speed. Non – 
Linear  Carry Select Adder is used for the  improvement 
of  the speed of the partial product terms. Therefore by 
using Adaptive and Recursive Karatsuba algorithm with 
Non – Linear Carry Select Adder, the time delay obtained 
is in nanoseconds which is better than other algorithms.
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